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Abstract
In this paper we study the symmetries of the dual Taub-NUT me-
trics. Generic and non-generic symmetries of dual Taub-NUT metrics
are investigated. The existence of the Runge-Lenz type symmetry is
analyzed for dual Taub-NUT metrics. We find that in some cases the
symmetries of the dual metrics are the same with the symmetries of
Taub-NUT metric.






In a geometrical setting, symmetries are connected with isometries associated
with Killing vectors and, more generally, Killing tensors on the congurations
space of the system. An example is the motion of a point particle in a space
with isometries [1], which is a physicist’s way of studying the geodesic struc-
ture of a manifold. In [1] such studies were extended to spinning space-times
described by supersymmetric extensions of the geodesic motion, and in[2] it
was shown that this can give rise to interesting new types of supersymmetry
as well.
The geometric duality between a metric g and its non-degenerate Killing
tensor K was discussed in [3]. The relation was generalized to spinning
spaces, but only at the expense of introducing torsion. The physical interpre-
tation of the dual metrics was not claried [3]. The geometrical interpretation
of Killing tensors was investigated in[4].
Recently the structural equations for a Killing tensor of order two was in-
vestigated and the geometric duality between g and a non-degenerate Killing
tensor K was analyzed in[5].
An interesting example of an Einstein’s metric which admits Killing-Yano
tensors is Taub-NUT metric. Taub-NUT metric is involved in many mo-
dern studies in physics. For example the Kaluza-Klein monopole of Gross
and Perry [6] and of Sorkin [7] was obtained by embedding the Taub-NUT
gravitational instanton into ve-dimensional Kaluza-Klein theory. Remark-
ably, the same object has re-emerged in the study of monopole scattering. In
the long distance limit, neglecting radiation, the relative motion of the BPS
monopoles is described by the geodesics of this space [8][9]. The dynamics of
well-separated monopoles is completely soluble and has a Kepler type symme-
try [10, 11, 12, 13].
The geodesic motion of pseudo-classical spinning particles in Euclidian
Taub-NUT were analyzed in [14] and the symmetries of extended Taub-NUT
metrics recently were studied in [15, 16, 17]. Taub-NUT metric admits four
Killing-Yano tensors which generate four non-degenerate Killing tensors[3]. On
the other hand for a given manifold g which admits a non-degenerate Killing
tensor K two types of dual metrics exist [5]. An interesting question is to
investigate the connection between the symmetries of dual Taub-NUT metrics
and the symmetries of Taub-NUT metric.
For these reasons the symmetries of the Taub-NUT dual metrics will be
analyzed. The aim of this paper is to investigate the generic and non-generic
symmetries corresponding to geodesic motion of pseudo-classical spinning par-
ticles on the Taub-NUT dual metrics.We will investigate the existence of the
Runge-Lenz symmetry for the dual metrics.
The organization of the paper is as follows. In Section 2 the geometric
duality is presented . In Section 3 we investigate the symmetries corresponding
to Taub{NUT dual metrics and we construct the spinning space. In Section 4
we present our conclusions.
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In Appendix 1 we write down Christoel symbols and the scalar curvature
for two interesting dual metrics. The calculus for all Taub-NUT dual metrics
were done, but due to their huge and complicated expressions we cannot write
them out in this paper. In Appendix 2 we present two plots of scalar curvature
of two interesting dual metrics.
2 Geometric Duality








The Hamiltonian has the form H = 1
2
gp
p where the Poisson brackets are
fx, pg = δ.
Let us suppose that the metric g admits a Killing tensor eld K . A
Killing tensor is a symmetric tensor which satises the following relation:
DK +DK +DK = 0 (2)
where D denote covariant derivatives. From the covariant components K




It can be easy veried that fH,Kg = 0.
The formal similarity between the constants of motion H and K , and the
symmetrical nature of the condition implying the existence of the Killing tensor
amount to a reciprocal relation between two dierent models:the model with
Hamiltonian H and constant of motion K, and a model with constant of motion
H and Hamiltonian K.The relation between the two models has a geometrical
interpretation: it implies that if K are the contravariant components of
a Killing tensor with respect to the metric g , then g must represent a
Killing tensor with respect to the metric dened by K . When K has an
inverse we interpret it as the metric of another space and we can dene the
associated Riemann-Christoel connection Γ^ as usual through the metric
postulate D^K = 0. Here D^ represents the covariant derivative with respect
to K .
This reciprocal relation between the metric structure of pairs of spaces
constitutes a duality relation: performing the operation of mapping a Killing
tensor to a metric twice leads back to the original theory.
The geometric duality between g and a Killing tensorK was analyzed in
[5].In this case Killing’s vectors equations in the dual space have the following
form [5]
Dχ^ +Dχ^ + 2K
(DK)χ^ = 0 (3)
Here χ^ are Killing vectors in dual spaces.
Let us suppose that metric g admits a Killing-Yano tensor f . A Killing-
Yano tensor is an antisymmetric tensor [2] which satises Df +Df = 0
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The corresponding Killing-Yano equations in the dual space has the form[5]






DK = 0 (4)
where f^ is a Killing-Yano tensor on the dual manifold. D represents the
covariant derivative with respect to g .
3 Symmetries of the dual metrics for the self-
dual Euclidean Taub-NUT metric
The four-dimensional Taub-NUT metric depends on a parameter m which can
be positive or negative, depending on the application; for m > 0 it represents
a nonsingular solution of the self-dual Euclidean equation and as such is in-












(dψ + cos θdϕ)2 (5)
The Killing vectors for the metric (5) have the following form:




















D(4) = − cosϕ ∂
∂θ








The metric (5) admits four Killing-Yano tensors[18]. Three of these, de-
noted by fi are special because they are covariant constant. In the two-form
notation the explicit expressions are
fi = 4m(dψ + cos θdϕ)dxi − ijk(1 + 2m
r
)dxj ^ dxk (11)
where the dxi are standard expressions in terms of the 3-dimensional spherical
co-ordinates (r, θ, ϕ). The fourth Killing-Yano tensor has the following form
Y = 4m(dψ + cos θdϕ) ^ dr + 4r(r +m)(1 + r
2m
) sin θdθ ^ dϕ (12)
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Now we would like to investigate the symmetries of the dual Taub-NUT
metrics.
We will construct rstly the Taub-NUT dual metrics using the geometric
duality between g and K [5]. We know that when a manifold M admits




















(dψ + cos θdϕ)2. (14)











Here f i and Y are given by (11) and(12). They form a conserved vector of














2 + r2dθ2 + r2 sin2 θdϕ2) +
8m2
r(1 + 2m/r)
















(r dr)i(dψ + cos θdϕ) (16)
We found that the dual metric (14) has the same Killing vectors like Taub-
NUT metric (5) because relation (3) is identically satised.
For i = 3 the corresponding metric from (16) admits two Killing vectors
(7) and (8) but for i = 1, 2 we found from (3) only one Killing vector (7).
Because the Weyl tensor of (14) has non-vanishing components
(e.g C1234 = 2 (m
2 r sin( θ ) ( 2 r+3m )/( r+2m )2 ( r+m )) , the metric is not
conformally flat. We have obtained the same result for (16) but the expressions
are too long to be provided here.
Now we would like to investigate the Killing-Yano tensors of order two for
the dual metrics (14,16).
We have six independent components of Killing-Yano tensor f and 24
independent equations (4).
Replacing Dfγ = ∂fγ−fγΓ−fΓγ in (4) and using the correspond-
ing expressions of Christoel’s symbols for (14) we get a set of Killing-Yano
equations. We found that (4) has no solution, therefore the dual metrics (14)
and (16) have no extra symmetry of Runge-Lenz type.
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In [3] using geometric duality between g and K four dual Tab-NUT
metrics were found. The inverse matrix of the covariant form from (14) give















(dψ + cos θdϕ)2. (17)
and the dual metrics corresponding to Runge-Lenz vector have the following
form (for more details see [3]).
d~s2(i) =
−1




























(r dr)i(dψ + cos θdϕ)g (18)
Next step is to investigate the symmetries of the metrics (17,18).




d~s2 = F (u)(du2 + u2(dθ2 + sin2 θdϕ2)) +G(u)(dψ + cos θdϕ2) (19)
where F (u) and G(u) are given by F (re
r


















. The metric (19) is a particular form of extended Taub-NUT
metric presented in [15, 16]. On the other hand, in the case of geometric
duality between g and K the equations (3) and (4) are not valid (for more
details see [5]). Because of this the symmetries of the metrics (17,18) will be
investigated using (see [2, 3]) the Killing vectors equations
D^χ^ + D^χ^ = 0 (20)
and the Killing-Yano equations
fµνλg = D^f^ + D^ f^ = 0 (21)
Solving (20) we found that the dual metric (17) admits the same Killing vectors
as metric (5).This result is in agreement with those from[15]. For i = 3, (20)
give us for the corresponding metric in (18) two Killing vectors (7) and (8).
In the case i = 1, 2 from (18) we found only one Killing vector (7) for the
corresponding metrics.
Now we investigate if the dual metrics (17,18) admits Killing-Yano tensors
of order two. Our strategy is quite straightforward in this case. We simply
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write down all the components of the equation (21) explicitly. The total num-
ber of components of f is six, while the number of independent equations for
eq.(21) is 24.
frrθg = 0 , frrϕg = 0, frrψg = 0, fθθrg = 0, fθθϕg = 0
fθθψg = 0 , fϕϕrg = 0, fψψrg = 0, fψψθg = 0, fψψϕg = 0
frθϕg = 0 , frθψg = 0, frϕθg = 0, frϕψg = 0, frψθg = 0
frψϕg = 0 , fθϕrg = 0, fθψrg = 0, fϕθψg = 0, fϕϕθg = 0
fψθϕg = 0 , fψϕrg = 0, fψϕθg = 0, fϕϕψg = 0 (22)
Solving (22) we found no solution for the metrics (17) and (18). Then the
dual metrics (17,18) have no Killing-Yano tensors and Runge-Lenz type sym-
metry. The Weyl tensor has non-vanishing components for (17)(e.g. C1234 =
−2m3 r sin( θ )/( r +m ) ( r + 2m )2) and then the metric in not conformally
flat. Metrics (18) are not conformally flat because they have non-vanishing
Weyl tensor components, but all expressions are too long to be written here.
3.1 Generic and non-generic symmetries


















The overdot denotes an ordinary proper-time derivative d/dτ , whilst the covari-
ant derivative of a Grassmann variable ψ is dened by D 
µ
D
= _ψ + _x Γ ψ

. In general, the symmetries of a spinning-particle model can be divided into
two classes. First, there are conserved quantities which exist in any theory and
these are called generic constants of motion . It was shown that for a spinning
particle model dened by the action (23) there are four generic symmetries
[14].
1. Proper -time translations and the corresponding constant of motion are




g   (24)
2. Supersymmetry generated by the supercharge
Q =  ψ
 (25)
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p−g ψ ψ ψ ψ (26)




p−g  ψ ψ ψ. (27)
Here  = g _x
 represents the covariant momentum.
The second kind of conserved quantities, called non-generic, depend on the
explicit form of the metric g(x). Non-generic symmetries are associated with
the existence of Killing- Yano tensors on a given manifold. The existence of a
Killing-Yano tensor f of the bosonic manifold is equivalent to the existence







aψbψc satises fQ,Qfg = 0, where H = Df .
For the metric (14) we found the generic symmetries (24|27) in the fol-
lowing form
H = − 1
2
(−r2m2 − 4 rm3 − 4m4 ) _r2
m2 ( r + 2m ) r
−1
2
(−6 r5m− 12 r3m3 − 13 r4m2 − r6 − 4m4 r2 ) _θ2




− 13 r4m2 sin( θ )2 − 6 r5m sin( θ )2 − r6 sin( θ )2 − 4m4 r2




(m2 ( r + 2m ) r )
+ 4























































(r + 2m)r(r +m)2 sin(θ)2ψr ψ ψ’ ψ (30)
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Q∗ =
(r + 2m)r(r +m)2 sin(θ)2
3m
( _r ψ ψ’ ψ − _θ ψr ψ’ ψ 
+ _ϕψr ψ ψ − _ψ ψr ψ ψ’) (31)
Because the determinants of all dual metrics (16,17,18), do not vanish we
have similar expressions, in corresponding cases, for the generic symmetries
(24|27).
As it was shown above the dual metrics have no Killing-Yano tensors, and
because of this we have no non-generic symmetries for metrics (14, 16,17,18).
4 Conclusions
Recently geometric duality was analyzed for a metric which admits a non-
degenerate Killing tensor of order two [3, 5]. For a given manifold which
admits a non-degenerate Killing tensor of order two, geometric duality give us
two types of dual metrics [5]. An interesting example arises when the manifold
admits Killing-Yano tensors because they generate Killing tensors.
In this paper the symmetries of the dual Taub-NUT metrics were investi-
gated. Taub-NUT metric admits four Killing-Yano tensors of order two and
we have four corresponding dual metrics. We have obtained that the number
of Killing vectors of the dual Taub-NUT metrics depend drastically on their
particular form. We found that metrics (14,17) have the same Killing vec-
tors as the Taub-NUT metric (5), the corresponding dual metrics for i = 3 in
(16,18) have two Killing vectors (7,8), and for i = 1, 2 we get only one Killing
vector (7) . We have obtained, by solving Killing-Yano equations, that all dual
Taub-NUT metrics do not have Killing-Yano tensors. This means that all dual
metrics do no admit extra symmetries of Runge-Lenz type.
The scalar curvature of Taub{NUT metric (5) is zero, but the corresponding
dual metrics (14,16,17,18) have non vanishing scalar curvatures and no Runge-
Lenz vector. We found that the scalar curvature of dual metric (14) is positive
and the corresponding scalar curvature for (17) is negative.
We have obtained that the dual metric (17) is a special case of extended
Taub-NUT metric given in [15]. We obtained also that all dual Taub-NUT
metrics are not conformally flat. The spinning space was constructed and
the generic and non-generic symmetries of the dual Taub-NUT metrics were
analyzed. We found that dual Taub-NUT metrics have not non-generic sym-
metries. Our result diers from those presented in [3]. Geometric duality, in
case of Taub-NUT metric, reduces the number of symmetries of the dual met-
rics. Finding the number of symmetries of dual metrics for a given manifold
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Appendix 1.




, Γ212 = −
m2 + 4mr + 2r2
r(r2 + 3rm+ 2m2)
Γ313 =
m2 + 4rm+ 2r2
r(r2 + 3rm+ 2m2)
, Γ413 = −
cos(θ)(3m+ 2r)




, Γ122 = −
r(r +m)(m2 + 4rm+ 2r2)
(r + 2m)m2
Γ323 =
cos(θ)(r4 + 6r3m+ 13r2m2 + 12rm3 + 2m4)
sin(θ)(r4 + 6r3m+ 13r2m2 + 12rm3 + 4m4)
Γ423 = −
(cos2(θ) + 1)(r4 + 6mr3 + 13r2m2 + 12rm3) + 4m4
2 sin(θ)(r4 + 6r3m+ 13r2m2 + 12rm3 + 4m4)
Γ324 = −2
m4
sin(θ)(r4 + 6r3m+ 13r2m2 + 12rm3 + 4m4)
Γ424 = 2
m4 cos(θ)
sin(θ)(r4 + 6r3m+ 13r2m2 + 12rm3 + 4m4)
Γ133 = −
r(2r5 sin2(θ) + 14r4m sin2(θ) + 37r3m2 sin2(θ) + 45r2m3 sin2(θ) + 24rm4 sin2(θ) + 4m5)
m2(r3 + 6r2m+ 12rm2 + 8m3)
Γ233 = −
r sin(θ) cos(θ)(r3 + 6r2m+ 13rm2 + 12m3)
sin(θ)(r4 + 6r3m+ 13r2m2 + 12rm3 + 4m4)
Γ134 = −4
m3r cos(θ)
r3 + 6r2m+ 12rm2 + 8m3
Γ234 = 2
m4 sin(θ)
r4 + 6r3m+ 13r2m2 + 12rm3 + 4m4





6m3 + 21rm2 + 22r2m+ 8r3
2m5 + 9rm4 + 16r2m3 + 14m2r3 + 6r4m+ r5










r(r2 + 3rm+ 2m2)
, Γ413 =
m cos(θ)






(r +m)3(r + 2m)
, Γ323 = −
(r2 − 2m2) cos(θ)
sin(θ)(r + 2m)2
Γ423 =
3 cos2(θ)r2 − r2 − 4 sin2(θ)rm− 4m2




, Γ424 = 2
cos(θ)(r2 + 2rm+m2)
sin(θ)(r2 + 4rm+ 4m2)
Γ133 = −
rm3(r2m+ 11r2m cos2(θ) + 4rm2 + 8rm2 cos2(θ) + 4m3 + 4r3 cos2(θ))
r6 + 9r5m+ 33r4m2 + 63r3m3 + 66r2m4 + 36rm5 + 8m6)
Γ233 =
r(3r + 4m) cos(θ) sin(θ)
(r + 2m)2
, Γ134 = −4
rm3 cos(θ)




, Γ144 = −4
m3r
(r + 2m)3
and the curvature is:
R = −2 6m
2 + 3rm+ 2r2























Figure 1: Ricciscalar corresponding to (16) for i=1
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Figure 2: Ricciscalar corresponding to (18) for i=1
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